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APPROACHES TO REGRESSION




EXAMPLE DATA




SIMPLE LINEAR REGRESSION

Model: y = Po+ Prix
R: 1 = Im(y~x)




POLYNOMIAL REGRESSION

Model: y=Bo+Bix+ X
R: 1 = Im(y~poly(x,2))




POLYNOMIAL REGRESSION

Model: Y =080+ X+ Box’+ B3
R: 1 = lm(y~poly(x,3))




POLYNOMIAL REGRESSION

Model: Y =P+ BiX+BaX+ X3+ Bux*
R: 1 = m(y~poly(x,4))




POLYNOMIAL REGRESSION

Model: y=2P80+ X+ BxX+...+ Box"°
R: 1 = lm(y~poly(x,10))




POLYNOMIAL REGRESSION

Model: Y=2PB0+ X+ BxX+...+ Ppx?®
R: 1 = m(y~poly(x,20))




LOCAL REGRESSION (LOESS / LOWESS)

Model: (non-parametric)
R: 1 = loess(y~x, degree=1)




LOCAL REGRESSION - HOW DOES IT WORK?
(non-parametric)

Model:
loess(y~x, span=0.5, degree=1)

R:
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Model: (non-parametric)
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LOCAL REGRESSION - HOW DOES IT WORK?

Model: (non-parametric)
R: 1 = loess(y~x, span=0.5, degree=1)
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LOCAL REGRESSION - HOW DOES IT WORK?

Model: (non-parametric)
R: 1 = loess(y~x, span=0.5, degree=1)
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LOCAL REGRESSION - HOW DOES IT WORK?

Model: (non-parametric)
R: 1 = loess(y~x, span=0.5, degree=1)
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LOCAL REGRESSION - HOW DOES IT WORK?

Model: (non-parametric)
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LOCAL REGRESSION - HOW DOES IT WORK?

Model: (non-parametric)
R: 1 = loess(y~x, span=0.5, degree=1)
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LOCAL REGRESSION - HOW DOES IT WORK?

Model: (non-parametric)
R: 1 = loess(y~x, span=0.5, degree=1)
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LOCAL REGRESSION - HOW DOES IT WORK?

Model: (non-parametric)
R: 1 = loess(y~x, span=0.5, degree=1)
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LOCAL REGRESSION - HOW DOES IT WORK?

Model: (non-parametric)
R: 1 = loess(y~x, span=0.5, degree=1)
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LOCAL REGRESSION - HOW DOES IT WORK?

Model: (non-parametric)

R: 1 = loess(y~x, span=0.5, degree=1)
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LOCAL REGRESSION - HOW DOES IT WORK?

Model: (non-parametric)
R: 1 = loess(y~x, span=0.5, degree=1)
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LOCAL REGRESSION - HOW DOES IT WORK?

Model: (non-parametric)
R: 1 = loess(y~x, span=0.5, degree=1)
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LOCAL REGRESSION - HOW DOES IT WORK?

Model: (non-parametric)
R: 1 = loess(y~x, span=0.5, degree=1)
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LOCAL REGRESSION - HOW DOES IT WORK?

Model: (non-parametric)
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Model: (non-parametric)
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LOCAL REGRESSION - HOW DOES IT WORK?

Model: (non-parametric)
R: 1 = loess(y~x, span=0.5, degree=1)




LOCAL REGRESSION (LOESS) - ADJUSTING SPAN

Model: (non-parametric)
R: 1 = loess(y~x, span=0.75)
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LOCAL REGRESSION (LOESS) - ADJUSTING SPAN

Model: (non-parametric)
R: 1 = loess(y~x, span=0.5)




LOCAL REGRESSION (LOESS) - ADJUSTING SPAN

Model: (non-parametric)
R: 1 = loess(y~x, span=0.25)




LOCAL REGRESSION (LOESS) - ADJUSTING SPAN

Model: (non-parametric)
R: 1 = loess(y~x, span=0.05)




REGRESSION TREES
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REGRESSION TREES - HOW DOES IT WORK?
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REGRESSION TREES - HOW DOES IT WORK?
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NATURAL SPLINE REGRESSION

Model: _ Bojg+ Biix+ Baxt +Bax ik <x< Ry
‘ Boa+ BraXx+ BaaxXt+ Bsaxd  ifky <x < ks
R: 1 = Wm(y~ns(x,df=4))
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NATURAL SPLINE REGRESSION - ADDING KNOTS

R: 1 = Im(y~ns(x,df=3))
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NATURAL SPLINE REGRESSION - ADDING KNOTS

R: 1 = Im(y~ns(x,df=4))
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NATURAL SPLINE REGRESSION - ADDING KNOTS

R: 1 = tm(y~ns(x,df=5))
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NATURAL SPLINE REGRESSION - ADDING KNOTS

R: 1 = tm(y~ns(x,df=6))
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NATURAL SPLINE REGRESSION - ADDING KNOTS

R: 1 = Im(y~ns(x,df=7))
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NATURAL SPLINE REGRESSION - ADDING KNOTS

R: 1 = Im(y~ns(x,df=8))
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NATURAL SPLINE REGRESSION - ADDING KNOTS

R: 1 = Im(y~ns(x,df=9))
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NATURAL SPLINE REGRESSION - ADDING KNOTS

R: 1 = Im(y~ns(x,df=10))
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NATURAL SPLINE REGRESSION - ADDING KNOTS

R: 1 = Im(y~ns(x,df=15))

13



GAUSSIAN PROCESS REGRESSION

Model: y~N(Bo,X)
R: 1 = bgp(x, y, corr="exp”)
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GAUSSIAN PROCESS REGRESSION - DETAILS

We model the outcome y as arising from a multivariate normal
distribution given by

1 1 P
f(x|Bo, X) = W exp <—2(x — Bo)=(x — ﬁo)> )

The magic here comes from defining the covariance terms
(off-diagonal elements) of X in a way such that close

observations, in x, are more correlated.

= v — A2 o XX v X=X
Z{,‘J}—COV(X”X])—U e~ /|¢’COV(X,,X}) — e~ i=xlo
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EXPONENTIAL CORRELATION FUNCTION
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MOVING INTO SPACE




PM, s BACKGROUND

Fine particulate matter (PM,5 ) is an EPA regulated air
pollutant linked to a variety of adverse health effects
- Classified based on particle size (< 2.5 um diameter)

- Major species: Sulfate, Nitrate, Ammonium, Soil,
Carbon.

- Minor species: trace elements (K, Mg, Ca), heavy metals
(Cu, Fe), etc.

- Complex spatio-temporal dependence between
species



SPATIAL DATA - TOTAL PM, s
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SPATIAL DATA - MULTIPLE REGRESSION

R: 1 = lm(pm25~long+lat, data=d)
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SPATIAL DATA - POLYNOMIAL REGRESSION

R: 1 = Im(pm25~poly(long,5)+poly(lat,5), data=d)
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SPATIAL DATA - LOESS

R: 1 = loess(pm25~long+lat, data=d, span=0.25)
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SPATIAL DATA - REGRESSION TREE

R: 1 = rpart(pm25~long+lat, data=d)
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SPATIAL DATA - NATURAL SPLINES

R: 1 = lm(pm25~ns(long,df=5)+ns(lat,df=5),data=d)
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SPATIAL DATA - GP

R: 1 = bgp(X=locs, Z=pm25, XX=pred_locs, corr="exp”)
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MODELING PM, s




ALL THE PM, 5 DATA

Speciated PM, s Sources

- Chemical Speciation Network (CSN) - 221 stations

- Interagency Monitoring of Protected Visual
Environments (IMPROVE) - 172 stations

Total PM, s Sources

- Federal Reference Method (FRM) - 949 stations

Model Output
- Community Multi-scale Air Quality (CMAQ) - 12 km grid

27



COMMUNITY MULTI-SCALE AIR QUALITY MODELING

28



] DHDDDDHDDDDHDDDDHDDDDHDDD

FRM

% Stations Reporting
CSN

IMPROVE

00 02 04 06 08 1.0 00 02 04 06 08 1.0 00 02 04 06 08 1.0

T T
Jun 01 Jun 06 Jun 11 Jun 16 Jun 21 Jun 26 Jul 01

29



DATA ISSUES - SUM VS TOTAL
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MODELING - SPECIES

Our goal was to model all 5 species and total PM, s at
the same time.

For each species level oberservation our model looked
something like,

Ni(s) = Zi(S) + e(S)
Z\(s) = max <O, Z(s))
?t(s) = 56,t + 66,1&(5) + 5% QQ(BS)
Here 3} .(s) is the Gaussian process that induces spatial

dependence.
31



MODELING - TOTAL

Everything gets coupled together via the total PM, s,
which we require to be the sum of the individual species.

NE'(s) = Z(s) + el ()
Z(s) = 2"(s) +2"(5) + 2" () + 227 (5) + Z£°7°(5) + 2 ()

The wrinkle here is that we haven't observed all of the
species (only the 5 major species) - so we end up having
to estimate the “other” unobserved species as Z9(s).
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COMPUTATION

The model is fit and predictions made using a Bayesian
hybrid MCMC based approach - which is very
computationally intensive.

- Model fitting - ~ 8 hours per weekly model

- Prediction - ~ 7 hours per weekly model

- Yearly data - 52 weeks = ~ 800 hours

- Model variants - 3 variant = ~ 2,400 hours

- Validation - 10-fold x-validation = ~ 24,000 hours
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RESULTS - MAPS
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RESULTS - TIME SERIES
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VALIDATION
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